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Based on the theory of elasticity, exact analytical and numerical solutions of piezoelectric rods under sta-
tic torsion are studied. In this paper, direct solution method is used. The main scope is to check the exten-
sion of validity of assumptions in previous papers that had been made based on linear distribution of
electric potential through the cross section and their inﬂuences on deﬂection and the angle of rotation.
Stress and electric induction functions are employed to obtain the exact solution of the static and elec-
trostatic equilibrium equations under torsional loading. It is shown that previous assumptions are valid
only in some types of piezoelectric materials, while in other types these assumptions lead to considerable
deviations from accurate modeling. The present analytical solutions are compared with three-dimen-
sional ﬁnite element analysis results and absolute agreements are found. At the end of this article, tor-
sional rigidity, shape-effects on induced piezoelectric deformation and the range of valid region for
linear distribution of electric potential assumption have been studied.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Since the Curie brothers discover the piezoelectric effect, piezo-
electric materials have received wide attention and have found
with attention in ﬁelds such as smart materials and microstruc-
tures. As sensors and actuators, piezoelectric materials have been
widely utilized in various areas such as civil engineering, mechan-
ical engineering, and aeronautical engineering. Crawley stated
applications of piezoelectric materials for intelligent structures
(Crawley, 1994). Nowadays many vibration and control systems
use them, because they are not expensive and large and also can
be attached to structures very easily. To improve the reliability of
actuators and sensors functionally graded piezoelectric materials
(FGPM) have been proposed and manufactured (Zhu and Meng,
1995). In recent years, analyses for piezoelectric materials that
contain defects have been done. Li and Mataga (1996a,b) per-
formed an analysis for the transient response of a semi inﬁnite,
anti-plane crack propagating in a hexagonal piezoelectric medium.
Shindo et al. (1997) considered the problem of determining the
singular stress and electric ﬁelds in an orthotropic piezoelectric
ceramic strip containing a Grifﬁth crack under longitudinal shear
and studied the effects of crack face boundary conditions on the
fracture mechanics of piezoelectric solids. Today, multi-layered
piezoelectric structures have great importance in engineering.
Based on one dimensional constitutive equation, some simple
behaviors of symmetric or non-symmetric piezoelectric bimorph
were studied (Smits and Ballato, 1994; Brissaud et al., 2003;ll rights reserved.
x: +98 21 6648 0290.
ki@yahoo.com (M. Maleki).Brissaud, 2004). For sensing and control of ﬂexible structures utiliz-
ing piezoelectric effect see, e.g., (Sunar and Rao, 1999). The spatial
distribution of the actuation can be realized by shaping the layer,
the electrodes, or the polarization proﬁle in the layer. An important
application is the tracking of a desired distribution of displacement
in a structure. The special problem in which the deformation in a
structure due to external disturbances is supposed to be completely
compensated has been denoted as ‘‘shape control’’ by Haftka and
Adelman (1985). Maugin and Attou (1990) and also Sene (2001)
have employed an asymptotic expansion for the three-dimensional
solution of the problem of thin piezoelectric plates. Based on one
dimensional constitutive equation, some simple behaviors of sym-
metric or non-symmetric piezoelectric bimorph were studied
(Smits et al., 1991). Cantilever beam is often used to model the
behavior of piezoelectric sensors and actuators. For the piezoelec-
tric cantilevers with gradient behavior for body force and for piezo-
electric materials some exact analysis were studied (Shi, 2002; Liu
and Shi, 2004; Shi and Chen, 2004), respectively. Based on Euler–
Bernoulli beam theory, an analytical solution to calculate the tip
deﬂection and blocking force of a cantilever actuator with graded
elastic constant 3 when it is subjected to a transverse point load
at the tip (Kruusing, 2000). Using two-dimensional theory of elas-
ticity and Airy stress function, closed form solutions for FGPM can-
tilevers with gradient in piezoelectric constant g31 was studied
(Xiang and Shi, 2008). Saint–Venant end effects in piezoelectric
materials were investigated (Ruan et al., 2000).
Moreover, torsion of orthotropic laminated beams has been
studied, e.g., Swanson (1998), Rand and Rovenski (2005). Torsional
vibration control by means of piezoelectric actuation has been
treated in (Tawaka et al., 1987). A torsional moment is induced
Fig. 1. Piezoelectric rod, subjected to pure torsion.
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by piezoelectric actuation has been proposed by Zehetner (2008).
Nianga performed an analysis for boundary-layer of torsion in a
piezoelectric material with symmetry of order six (Nianga, 2006).
Although some papers have dealt with elastic behavior of piezo-
electric materials under torsion (Zehetner, 2008), these investiga-
tions are somewhat inaccurate and cause considerable
inaccuracies in some types of piezoelectric materials. Approxi-
mately all of them neglect the implications of nonlinear distribu-
tion of electric potential through the cross-section and for
simplicity, the electric potential through the cross-section was
usually assumed to change linearly. However, these effects abso-
lutely depend on cross-sectional properties. Moreover, it is noted
that shape effects should not be fully ignored. Consequently, the
aim of this work is to give an analytical solution for a single layer
of piezoelectric device under torsion and applied electric ﬁeld
based on elasticity and electrostatics. Assuming that the torsional
load and applied electric ﬁeld is moderate to keep the linear behav-
ior of piezoelectric materials, the exact behavior of piezoelectric
materials under torsional loading is studied. Without any initial
assumption, validity of Saint–Venant’s theory of torsion is proved.
Also the equilibrium differential equations subject to boundary
conditions are exactly solved. The organization of the rest of this
paper is as follows. Firstly the basic constitutive equations of the
transversely isotropic piezoelectric materials are summarized in
Section 2. In Section 3 the problem is solved for ADP (Ammonium
Dihydrogen Phosphate). The same steps for PZT (Lead Zirconate
Titanate) are investigated likewise in Section 4. Section 5, indicates
some numerical results and complete agreements with analytical
solutions. Besides, shape-effects and valid region of linear distribu-
tion of electric potential are discussed.
2. General 3-D elasticity and electrostatic analysis
2.1. Basic equations
For three-dimensional analysis of piezoelectric materials; con-
stitutive equations, static and electrostatic equilibrium equations
are necessary. Cartesian coordinate system (n, g, D) is deﬁned to
describe the problem where D is parallel with the axis of torsion
while n and g located arbitrarily in cross section. The constitutive
equations for piezoelectric materials can be expressed as
fSg ¼ ½Q 1fTg þ ½dTfEg ð1Þ
fDg ¼ ½dfTg þ ½efEg ð2Þ
where [Q], [d] and e are compliance, coupling and permittivity
matrices, respectively while {E} and {D} are electric ﬁeld and elec-
tric displacement vectors, respectively. In addition, {S} and {T} are
strain and stress vectors deﬁned as
fSg ¼
nn
gg
DD
2gD
2nD
2ng
8>>>><
>>>>:
9>>>>=
>>>>;
; fTg ¼
rnn
rgg
rDD
rgD
rnD
rng
8>>>><
>>>>:
9>>>>=
>>>>;
ð3Þ
The strain–displacement relation, electric ﬁeld–electric poten-
tial relation, static and electrostatic equilibrium equations in the
general case can be expressed as
ij ¼ 12 ðui;j þ uj;iÞ; ð4Þ
Ei ¼  @w
@xi
xi ¼ n;g;D ð5Þ
rij;j þ Fi ¼ 0 ð6Þ
Di;i ¼ q ð7Þwhere ij, rij, Ei and w are strain and stress tensors, electric vector
components and electric potential distribution function through
the cross section while Fi and ui are body force and displacement
in xi direction, respectively and q is body charge.
In Fig. 1, D, X and C are the axis of torsion, the surface with a
constant voltage and free surface, respectively. So the correspond-
ing boundary conditions, related to foregoing surfaces, can be writ-
ten as
On C :
rijnj ¼ 0
Dini ¼ 0

ð8Þ
On X :
rijnj ¼ 0
w ¼ cte

ð9Þ
where ni and w are components of unit outward normal vector and
electric potential of the boundary surface, respectively.
The static equilibrium of the cross-section leads to the following
integral equations over cross sectional area, A.Z
A
~r d Fs
!
¼ T ð10ÞZ
A
~r d Fn
!
¼ 0 ð11ÞZ
A
d Fs
!
¼ 0 ð12ÞZ
A
d Fn
!
¼ 0 ð13Þ
where
jd Fn
!
j ¼ rdA
jd Fs
!
j ¼ sdA
And r, s are normal and shearing stresses acting through the
cross section. We assume that the cross-section is far enough from
the ends of the rod to neglect the effect of stress concentration.
This assumption leads to two dimensional stress distribution
@Ti
@D
¼ 0 ð14Þ
The foregoing equation demonstrates that stress tensor remains
constant along the direction parallel to axis of torsion.
2.2. Solution procedure
In this section, a thorough analytical study will be conducted to
highlight the inﬂuence of nonlinear distribution of electric poten-
tial under torsion in piezoelectric materials by using the present
solution. At ﬁrst, suppose the Cartesian coordinate system ngD in
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trarily in cross section. We use Eqs. (1), (2), (4), (5) and (14) to ﬁnd
general form of displacement functions.
un ¼ f1ðn;gÞ þ f2ðgÞ þ pðnÞðg;DÞ ð15Þ
ug ¼ g1ðn;gÞ þ g2ðnÞ þ pðgÞðn;DÞ ð16Þ
uD ¼ pðDÞðn;gÞ þ hðn;gÞ ð17Þ
Where un, ug and uD are displacement components in n, g and D
directions, respectively and f1, f2, g1 and g2 are unknown functions
to be found later. Also p(n), p(g) and p(D) are in the form of
pðnÞðg;DÞ ¼ H1D2 þ H2Dgþ H3Dþ H4g
pðgÞðn;DÞ ¼ H5D2 þ H6Dnþ H7Dþ H8n
pðDÞðn;gÞ ¼ DðH9nþ H10gþ H11Þ
8><
>: ð18Þ
where Hi, i = 1, 2, . . ., 11 are constant coefﬁcients. Up to now, the
foregoing relations introduce the general form of displacement
components, making stress ﬁeld two dimensional, without regard
to type of loading, e.g. bending, torsion, etc. From foregoing rela-
tions, it is obvious that obtaining the solution necessitates ﬁnding
all unknown functions appeared in Eqs. (15)–(18). These unknowns
can be categorized in two sets as follow:
k1 ¼ ff1ðxi;gÞ; f2ðgÞ; g1ðn;gÞ; g2ðnÞg ð19Þ
k2 ¼ fhðxi;gÞ;wðn;gÞg ð20Þ
Where w(n,g) is electric potential distribution function through the
cross section. Then we ﬁnd stress and electric displacement compo-
nents in terms of unknown displacement functions and electric po-
tential from Eqs. (1) and (2). It is simply possible to obtain rnn, sng,
rDD and rgg in terms of k1 components, and also sng, sgD, Dn and Dg,
in terms of k2 components.
Besides, utilizing Eqs. (6)–(18), partial differential equations of
equilibrium and electrostatic equation can be reduced and written
in ngD coordinates as
ðIÞ Boundary value problem
@
@n rnn þ @@g sng ¼ 0
@
@n sng þ @y@g rgg ¼ 0
8<
:
Boundary conditions
R
nrDDdA ¼
R
grDDdA ¼
R
rDDdA ¼ 0
rijnj ¼ 0 i; j ¼ n;g
(
ð21Þ
ðIIÞ Boundary value problem
@
@n snD þ @@g sgD ¼ 0
@
@nDn þ @y@gDg ¼ 0
(
Boundary conditions
R
rdA ¼ T
rDjnf ¼ 0 j ¼ n;g
Xi : w ¼ cte
8><
>: ð22Þ
Two foregoing sets indicate that the sets of four differential equa-
tions (Eqs. (6) and (7) ) have been decoupled into two sets; sets
(I) and (II). Since ﬁrst set and corresponding boundary conditions
merely depend on k1 while the other set and its boundary condi-
tions just depend k2 on. As the ﬁrst set and its boundary conditions
are homogeneous, all of the unknown stresses are ‘‘zero’’.Table 1
Coefﬁcients of Eq. (26).
Type a1 a2 b1 b2
(I) e22e11
e22
e11 d14 þ d25 1q44d
2
25
e22
1q44
d2
14
e11

q44
d14
e11
þd25e22
 
1q44d14e11
(II) e22e33
e22
e33 d36 þ d25 d
2
25
e22
q44
d2
36
e22
e33
e22q66
d36
e33
þd25e22
d2
36
e33
 1q66rnn ¼ sng ¼ rgg ¼ rDD ¼ 0 ð23Þ
Eq. (23) is employed to obtain k1. Additionally, rigid body motion
terms have to be vanished in order to calculate the unknown coef-
ﬁcients of pn and pg.
After ﬁnding p(n), p(g) and k1, general form of un and ug are ob-
tained. These components of displacements show a complete
agreement with Saint–Venant theory of torsion. Therefore, The
projection of each section on the ng-plane rotates as a rigid body
about the central axis.
In order to solve the second set, stress and induction functions
u(n,g) and v(n,g) have been deﬁned according to Table 1. Although
u(n,g) and v(n,g) satisfy the second set two compatibility rela-
tions, similar to the one in torsion of isotropic material
‘‘r2u = 2Gh’’, are required to be satisﬁed. If these two compatibil-
ity relations are solved u, v and consequently snD and sgD will be
determined. Then k2 components can be obtained in terms of u
and v derivatives. Hence, the exact solution of torsion in piezoelec-
tric rods will be obtained by solving a set of two partial differential
equations of compatibility in terms of u and v.
Boundary value problem
L1fu;v;Cg ¼ 0
L2fu;v;Cg ¼ 0
(
ð24Þ
Where C is a constant, appeared in p(D)(n,g). In addition, by
applying the deﬁnition of u and v, the boundary conditions will
be changed into
Boundary conditions
Ci : u ¼ v ¼ 0
Xi : vgnn þ ng
R
vggdn ¼ 0; u ¼ 0
T ¼ 2 R udA
8><
>: ð25Þ
where nn and ng are unit outward normal vector components n in g
and directions, respectively. C is determined by employing the
above third boundary condition. Therefore by ﬁnding the constant
C, the exact solution could be found for any arbitrary cross-section
and for any type of material which has similar conﬁguration of pie-
zoelectric coupling and compliance matrices.
This paper investigates torsion of PZTs and ADP which can be
classiﬁed into two following types.
(I) Polarization and torsion axes are collinear.
(II) Polarization and torsion axes are perpendicular.
Note that for both types of PZTs and ADP, all the mentioned
solution procedure is the same. However, for type II of PZTs the
electrostatic equation and corresponding boundary condition ap-
pear in the ﬁrst set rather than the second one. The remaining
steps for the procedure are still valid.
Notice that up to now all the relations and equations are ob-
tained in Cartesian coordinate system (n, g, O. In order to utilize
(x, y, z) coordinate system (z-direction is parallel with the isotropic
axis of the material) a transformation from (n,g,D) to (x,y,z) coor-
dinate system is required. As transformation laws for types (I) and
(II) are not the same, the rule of transformation from (n,g,D) to
(x,y,z), are listed in Table 1.b3 s D n D
 2Cq44
1q44
d2
14
e11
 @u
@x ¼ syz
@u
@y ¼ sxz
(
@v
@y ¼ D1
 @v
@x ¼ D2
(
x z
2Cq66
q66d
2
36
e331
 @u@y ¼ sxz
@u
@z ¼ sxy
(
 @v@y ¼ D3
@v
@z ¼ D2
(
z x
Table 2
coefﬁcients of Eqs. (28)–(31).
Type m1 m2 c1 c2 c3 c4 c5
(I) 1 z q44d214e11
q44e11
d14/e11 1 1/e11 d14
(II) 1 x q44d236e11
q66e33
d36/e33 1 1/e33 d36
Fig. 2. Superposition principle applied to the problem.
Fig. 3. Mechanical and electrical boundary conditions for a rectangular cross
section.
220 M. Maleki et al. / International Journal of Solids and Structures 48 (2011) 217–2263. Torsion in ADP
3.1. Boundary value problem for torsion of ADP
Applying the mentioned solution procedure for ADP yield
Boundary value problem
@2
@n2
vðn;gÞ þ a1 @2@g2 vðn;gÞ þ a2 @
2
@n@guðn;gÞ ¼ 0
@2
@n2
uðn;gÞ þ b1 @2@g2uðn;gÞ þ b2 @
2
@n@g vðn;gÞ þ b3 ¼ 0
8<
: ð26Þ
Boundary condition
C : u ¼ 0;v ¼ 0
Xi : w ¼ f ðu;vÞ ¼ cte; u ¼ 0
T ¼ 2 R udA
8><
>: ð27Þ
where the list of coefﬁcients, appeared in the foregoing set, are
summarized in Table 1.
As explained in section ‘‘solution procedure’’ and considering
the deﬁnitions of u and v and consequently k2, displacements
and electric potential distribution can be expressed as
u1 ¼ m1CgD ð28Þ
u1 ¼ m1CnD ð29Þ
u3 ¼
Z
c1
@u
@n
dgþ c2vþ c3Cgn ð30Þ
wðn;gÞ ¼ c4f
Z
ngdnþ c5ug ð31Þ
where u1, u2 and u3 are displacements in direction n, g and torsion
axis, respectively n and is deﬁned in Table 1. The coefﬁcients ap-
peared in Eqs. (28)–(31) are shown in Table 2. Eqs. (28) and (29)
show complete agreement with Saint–Venant theory of torsion.
Hence, C is the magnitude of angle of rotation per length of rod.
3.2. General solution for rectangular ADP cross-section
As shown in Fig. 2, a single piezoelectric layer is bonded with
two substrates which serve as electrodes. Practically in piezoelec-
tric rectangular cross-sections, two parallel sides are electrodes
with constant voltage and two others are free surfaces. The axis
of g = y is deﬁned perpendicular to constant voltage surface (X)
while n is deﬁned according to Table 1. Linearity of constitutive
equations of piezoelectric materials as well as static equilibriumdifferential equations enables us to use superposition principle
(Fig. 2). Solution for case (I) can be readily determined by using
constitutive equations. Hence, only case (II) will be investigated.
In other words, the main problem reduces to ﬁnd exact solution
for torsion of a piezoelectric rectangular cross-section with two
zero-voltage electrodes as shown in Fig. 3.
In order to determine the stress and induction functions,
boundary conditions are considered as
uðn;hÞ ¼ 0 ð32Þ
uðb; yÞ ¼ 0 ð33Þ
vðb; yÞ ¼ 0 ð34Þ
@x
@y

y¼h
¼ 0 ð35Þ
Assume that
uðn; yÞ ¼ uðn; yÞ  IðyÞ ð36Þ
where
IðyÞ ¼ b2
2b1
ðy2  h2Þ ð37Þ
By the above deﬁnition for u, Eq. (24) are simpliﬁed into
@2
@n2
vðn; yÞ þ a1 @
2
@y2
vðn; yÞ þ a2 @
2
@n@y
uðn; yÞ ¼ 0; ð38Þ
@2
@n2
uðn; yÞ þ b1
@2
@y2
uðn; yÞ þ b2
@2
@n@y
vðn; yÞ ¼ 0: ð39Þ
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uðn;hÞ ¼ 0 ð40Þ
uðb; yÞ  b3
2b1
ðy2  h2Þ ¼ 0 ð41Þ
vðb; yÞ ¼ 0 ð42Þ
@x
@y

y¼h
¼ 0 ð43Þ
Deﬁning un and vn as below, Eqs. (40) and (43) are satisﬁed.
unðn; yÞ ¼ cos nþ
1
2
 
p y
h
 
cosh k nþ 1
2
 
p n
h
 
ð44Þ
vnðn; yÞ ¼ lsin nþ
1
2
 
p
y
h
 
sinh k nþ 1
2
 
p
n
h
 
ð45Þ
Substituting Eqs. (44) and (45) into Eqs. (38) and (39), two roots
for l and k are readily obtained as below
l1 ¼
1
2
ﬃﬃﬃ
2
p
a1b2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a1 þ b1  a2b2  4a1b1 þ ða1 þ b1  a2b2Þ2
q
ða1 þ b1  a2b2 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4a1b1 þ ða1 þ b1  a2b2Þ2Þ
q
ð46Þ
l2 ¼
1
2
ﬃﬃﬃ
2
p
a1b2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a1 þ b1  a2b2  4a1b1 þ ða1 þ b1  a2b2Þ2
q
ða1  b1 þ a2b2 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4a1b1 þ ða1 þ b1  a2b2Þ2Þ
q
ð47Þ
k1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a1 þ b1  a2b2 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4a1b1 þ ða1 þ b1  a2b2Þ2
qr
ﬃﬃﬃ
2
p ð48Þ
k2 ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a1 þ b1  a2b2 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4a1b1 þ ða1 þ b1  a2b2Þ2
qr
ﬃﬃﬃ
2
p ð49Þ
By selecting two roots of k and l; un and vn can be written as a sum
of two components which yields
unðn; yÞ ¼ An cos nþ
1
2
 
p y
h
 
cosh k1 nþ 12
 
p n
h
 
þ Bn
 cos nþ 1
2
 
p y
h
 
cosh k2 nþ 12
 
p n
h
 
ð50Þ
vnðn; yÞ ¼ Anl1 sin nþ
1
2
 
p y
h
 
sinh k1 nþ 12
 
p n
h
 
þ l2 sin nþ
1
2
 
p y
h
 
sinh k2 nþ 12
 
p n
h
 
ð51Þ
In order to satisfy two other boundary conditions (41) and (42),
u*(n,y) and v(n,y) must be written as summations of unðn; yÞ and
vn(n,y), respectively.
uðn; yÞ ¼
X1
n¼0
unðn; yÞ ð52Þ
vðn; yÞ ¼
X1
n¼0
vnðn; yÞ ð53ÞTable 3
Coefﬁcients and deﬁnitions of Eqs. (59) and (60).
Type k1 k2 k3 p(n,y)
I 1 2q44C e22/e11 v(n,y)  d15u(
II q66
q44
2q66C e33=e11 v(n,y)Substituting Eqs. (52) and (53) into (41) and (42) and then using
expansion of Fourier series for I(y), result in
An ¼ l2xn sinhðk2hnÞl2 sinhðk2hnÞ coshðk1hnÞ  l1 sinhðk1hnÞ coshðk2hnÞ
ð54Þ
Bn ¼ l1xn sin hðk1hnÞl1 sin hðk1hnÞ cos hðk1hnÞ  l2 sin hðk2hnÞ cos hðk1hnÞ
ð55Þ
where An and Bn are Fourier coefﬁcients of u* and v and:
hn ¼ nþ 12
 
p b
h
xn ¼ 2b3h
2ð1Þnþ1
ðnþ 12 Þ3ðpÞ3b1
ð56Þ
Therefore, u(n,y) and v(n,y) can be readily determined as
uðn; yÞ ¼ ðb3Þð2b1Þ
ðy2  h2Þ þ
Xn
n¼0
ððcosð nþ 1
2
 
p y
h
Þ:ðAn
 cos h k1 nþ 12
 
p n
h
 
þ Bn
 cos h k2 nþ 12
 
p n
h
 
ÞÞ ð57Þ
vðn; yÞ ¼
Xn
n¼0
ððsinððnþ 1
2
Þp y
h
Þ:ðl1An sin h k1 nþ
1
2
 
p n
h
 
þ l2Bn sin h k2 nþ
1
2
 
p n
h
 
ÞÞ ð58Þ
where l1, l2, An, Bn, k1 and k2 can be obtained using Eqs. (46)–(48),
(49), (55), (56).
All other cases can be subsequently determined using the for-
mulas derived in Section 4.
4. Torsion in PZTs
Applying solution procedure explained in Section 3 for PZTs,
simpliﬁes Eq. (24) as
@2
@n2
uðn; yÞ þ k1 @
2
@y2
uðn; yÞ þ k2 ¼ 0 ð59Þ
@2
@n2
pðn; yÞ þ k3 @
2
@y2
pðn; yÞþ ¼ 0 ð60Þ
The deﬁnition of u and p as well as coefﬁcient values are listed
in Table 3.
As it can be seen from Eqs. (59) and (60), mechanical and elec-
trical behaviors of PZTs are decoupled. In order to satisfy the
boundary conditions and Eq. (60), the function p(n,y) has to be zero
for both types. So a PZT-layer behaves like a transversely isotropic
material and therefore stress function can be determined using
Saint–Venant theory of torsion for transversely isotropic materials.
Hence, according to Fig. 3 general solution of torsion in rectan-
gular cross sections for both types, can be expressed as below:
uðn; yÞ ¼ C ~uðn; yÞ ð61Þ
vðn; yÞ ¼ d15uðn; yÞ ð62Þ
whereu v n D
n,y)  @u@x ¼ syz
@u
@y ¼ sxz
(
@v
@y ¼ D1
 @v@x ¼ D2
(
x z
@u
@y ¼ sxz
 @u@z ¼ sxy
(
@v
@y ¼ D3
 @v
@z ¼ D2
(
z x
~uðn; yÞ ¼ 4d  1
4
ðn2  b2Þ þ
X
n¼0
b2ð1Þn
nþ 12
	 
  p3  cosh nþ12ð Þph
b
ﬃﬃ
#
p
  cos nþ 12
	 

p  n
b
 
 cosh nþ
1
2
	 

p  y
b
ﬃﬃﬃ
#
p
 0BB@
1
CCA
8>><
>:
9>>=
>; ð63Þ
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T ¼ 2
Z
A
udA ¼ 2C
Z
A
~udA) C ¼ T
2
R
A
~udA
ð64Þ
Also d and # are listed in Table 4.
5. Numerical results and analytical discussion
In this section, a comprehensive parametric study will be con-
ducted to highlight the inﬂuence of piezoelectric effects and geom-
etry on the static torsional behavior of the actuator or sensor by
using the present solution. A three-dimensional ﬁnite element
analysis for ADP has been conducted to compare with analytical re-
sults. Comsol Multi-physics has been used for quasi-static analysis
of torsion of piezoelectric rods. At ﬁrst, a computer modeling is cre-
ated within the Comsol Multi-physics pre-processor. For 3-D mod-
eling, model navigator > structural mechanics module > piezoelectric
effectsis employed. Material and geometrical properties for a prism
with a rectangular cross section made up of ADP are assumed as:
L = 1 m, b = 0.1 m, h = 0.05 m, T = 100 N m. Some material proper-
ties of ADP are shown in Table 5. For applying mechanical con-
straints to a three-dimensional prism with a rectangular cross
section, a clamped end is selected for one of the surfaces whereas
the remaining ones are free from stress. For electric boundary con-
ditions, both top and the opposite side’s boundary surfaces are se-
lected to act as the ground (w = 0) whereas zero-charge type of
electric boundary condition is chosen for the remaining sides. In
order to produce a torsional moment, a couple of concentrated
shearing forces are exerted on free end of rod. Lagrangian quadratic
element is applied to the model. The number of elements is 8000
while degree of freedom for the model is 278964. According to
Saint–Venant principle, it is essential that the cross section be far
from loading points. Thus, to reach such a valid region shear stres-
ses and warping distribution along the axis of rod (D) have been
plotted. In these plots the region in which shear stresses and warp-
ing are independent of D is considered. This region is valid for
choosing the cross section, compatible with Saint–Venant princi-
ple. Hence, the middle of this region is selected for analysis.
The results of shearing stresses and electric ﬁeld components
for numerical and analytical solutions are compared for two orien-
tations of polarization axis in relation to torsion axis. Figs. 4–11Table 4
Coefﬁcients of Eq. (63).
Type d #
I q44 1
II q66 q66/q44
Table 5
Material properties of ADP.
Piezoelectric
constants
(1011 CN1)
Elastic compliance
constants (109 N m2)
Dielectric permittivity
constant (1012 F m1)
d36 d25 d44 d66 e22 e33
5.17 1.17 8.6206 6.0241 136.35 495.82indicate that numerical solution agrees absolutely with analytical
one. Figs. 4 and 5 show the variations of shear stresses through
the cross section for type (I). It is observed that the maximum va-
lue of stress located at the middle of the cross section.
Similarly, the variations of shear stresses are plotted as a func-
tion of D in Figs. 6 and 7 for type (II).
Figs. 8 and 9 show the variation of electric ﬁeld components
through the cross section for type (I). The results in Figs. 8 and 9
also suggest that the electric ﬁeld does not have linear electric po-
tential distribution. Similarly, the variations of electric ﬁeld com-
ponents are plotted as a function of D in Figs. 10 and 11.
Now, static behavior and piezoelectricity effects under torsion
can be investigated from analytical results and effective geometri-
cal parameters are discussed.
In order to investigate the inﬂuences of piezoelectric properties,
except for the main problem a virtual case will be investigated. In
such a virtual case, the cross section is under the same torsion and
either the piezoelectric properties are assumed to be zero or the
electric ﬁeld is negligible so that the rod behaves as a simple trans-
versely isotropic material. Modifying Eq. (1) simpliﬁes the consti-
tutive equation into
fSg ¼ ½Q 1fTg ð65Þ
where, Q1 is equal to ADP’s matrix of effective elastic compliance.
In other words, its constitutive equation is as ADP’s but the second
term {dTE} equals to zero either all the components of piezoelectric
coupling matrix equal to zero (dij = 0) or the applied electric ﬁeld is
negligible under certain loadings, geometrical conditions and elec-
tric potential distribution. That is, comparing the main problem
with such a virtual case leads to understand the effects of piezoelec-
tricity and validity of linear distribution of electric potential, has
been assumed in previous studies (Zehetner, 2008). Therefore, dif-
ference between the angles of rotation of main and virtual cases
can be deﬁned asFig. 4. sxz in y = 0.05, type I.
Fig. 6. sxz in y = 0.05, type II.
Fig. 7. sxy in z = 0.05, type II.
Fig. 8. X-component of electric ﬁeld a cross-section at y = 0, type I.
Fig. 9. Y-component of electric ﬁeld for a cross-section at y = 0.05, type I.
Fig. 10. Y-component of electric ﬁeld for a cross-section at z = 0, type II.
Fig. 5. syz in x = 0.1, type I.
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where htotal is the rotation of cross-section in the main problem and
hvirtual is the rotation of the rod in virtual case. Hence, hpiezo repre-
sents the torsional effect of piezoelectricity as well as difference be-
tween the inﬂuence of exact and linear distribution assumption on
angle of rotation. Also torsional rigidity for piezoelectric materials
as a dimensionless parameter can be deﬁned as below
R ¼ T
q44bh
3h
ð67Þ
Similarly, under equal rotations in two cases, Tpiezo is deﬁned as
below
Tpiezo ¼ Ttotal  Tvirtual ð68Þ
where Ttotal and Tvirtual are the exerted torsion to themain and virtual
cases, respectively that cause the same rotation. Therefore, Tpiezo
shows the value of induced moment caused by piezoelectricFig. 11. Z-component of electric ﬁeld for a cross-section at y = 0, type II.
Fig. 12. The ratio of induced piezoelectric rotation to total rotation, type I.effects and also by nonlinear distribution of electric potential.
Employing classical studies for torsion of transversely isotropic
materials, hpiezohtotal and
Tpiezo
Ttotal
can be easily calculated as functions of the
ratio of bh. The inﬂuence of piezoelectricity is examined by varying
the geometric quantities. Figs. 12–16 show the variations of hpiezohtotal
and TpiezoTtotal as functions of j ¼
b
h for all cases.
Figs. 12 and 13 demonstrate that hpiezo is negative. In other
words, htotal < hvirtual. This implies that torsional rigidity of ADP is
higher than that in two cases: (1) without considering piezoelectric
effects and (2) linear assumption of electric potential distribution.
To explore this further, the variation hpiezohtotal is plotted as a function of
in Figs. 12 and 13. In other words, piezoelectricity induces nonlin-
ear electric ﬁeld in order to reduce the angle of rotation. This is the
major difference between piezoelectric and other transversely iso-
tropic materials without piezoelectric properties. To further inves-
tigate the inﬂuence of material gradient Figs. 16 and 17 show
variations of Rpiezo and Rvirtual versus j.
The results also indicate that the minimum effects of piezoelec-
tricity and nonlinear distribution of electric potential occurs in aFig. 13. The ratio of induced piezoelectric rotation to total rotation, type II.
Fig. 14. The ratio of induced piezoelectric torque to total torsion, type I.
Fig. 15. The ratio of induced piezoelectric torque to total torsion, type II.
Fig. 16. Torsional rigidity, type I.
Fig. 17. Torsional rigidity, type II.
Fig. 18. Maximum dimensionless electric potential, type I.
Fig. 19. Maximum dimensionless electric potential, type II.
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of saturation state for the cross-section. Consequently the varia-
tions of torsional rigidity approach to zero. It is obvious that when
the ratio of bh approaches to zero the ratio of
Tpiezo
Ttotal
, illustrated in
Figs. 14 and 15, moves towards 1. This is further clear by referring
to Figs. 18 and 19. These ﬁgures show maximum electric potential
induced due to torsional loading. As ratio of bh increases maximum
induced electric potential decreases. This is the main reason for de-
cline of piezoelectric effects and inﬂuence of nonlinear distribution
of electric potential over deformation.6. Conclusions
Based on the theory of elasticity, three dimensional analyses for
static torsional deformation of ADP and PZTs are presented. A new
methodology has been established to obtain the exact solution of
the static torsion of piezoelectric materials with arbitrary cross-
section. Although Saint–Venant’s theory of torsion has not been
employed, the results show a complete agreement with the theory.
Stress and induction functions were deﬁned to reduce and simplify
the problem into a set of two differential equations in order to
facilitate the exact and accurate modeling of piezoelectric devices
under torsional loading. It should be noted that the present
solution can also be used for analyzing materials with similar
226 M. Maleki et al. / International Journal of Solids and Structures 48 (2011) 217–226piezoelectric coupling matrix and compliance matrices conﬁgura-
tion. Also the problem has been solved for rectangular cross-
sections for both parallel and perpendicular orientations of axis
of torsion in relation to the polarization axis. Exact distribution
of electric potential for an arbitrary rectangular cross-section as
well as valid region for the linear distribution on a rectangular
cross-section has been found. It has been shown that for both
orientations in ADP, electric potential has nonlinear distribution
through the cross-section. It has been found that for perpendicular
orientation, piezoelectricity and consideration of nonlinear distri-
bution of electric potential through the cross-section change the
deformation about 8%. However, this effect increases to 12% if
the electrodes are installed on smaller sides of the laminated
cross-section. For parallel orientation, exact distribution of electric
potential affects the deformation about 0.2% and therefore the pre-
vious studies approximately agrees with current analysis. On the
other hand, it has been shown that distribution of electric potential
through the cross-section for PZTs is linear. Another effect of piezo-
electric properties, has been conducted in the study, is its inﬂuence
on torsional rigidity of the cross-section. It has been clearly
observed from the ﬁgures that rectangular piezoelectric cross-
section has higher torsional rigidity in comparison to the same
cross-section either without piezoelectric effects or with linear
distribution for electric potential. In addition, shape effects on
the torsional rigidity, piezoelectricity and deformation have been
studied. At last a three-dimensional ﬁnite element analysis
has been conducted, which indicates absolute agreement with
analytical solution.
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